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Chapter 1

Fourier Series

1.1 Basis Vectors

Consider the eigenvalue equation represented by the differential equation,

L(@)yx(a) = Aya(a), (1.1)

where L(q) = —D? D = d%, A is an eigenvalue and y,(q) is an eigenfunction
of the operator L(q) with eigenvalue A\. We are searching for solutions that
satisfy the periodic boundary conditions:

ya(a) = ya(b) (1.2)
yi(a) = Dya(q)|a = y5(D) (1.3)

a) Let us first consider the formal properties of this system (DE and BC)
[1]: We note, after an integration by parts, that

b b
/ dqyiL(q)yx =i (=Dyn) |2 +/ dq (Dy}) (Dy») (1.4)

and the surface term (first term on the right-hand-side of (1.4) ) vanishes
because of the periodic boundary conditions ( 1.2) and ( 1.3). Thus,

/dq {v:L(@)yr — L@y} = 0,

a

= (/\—M*)/ dqy,(q) yx(q) - (1.5)



Consider the case = A. Eq.( 1.5) reads now

(= x) [ da s = (1.6)

Since the integral for non-vanishing solutions is positive, we conclude that
the eigenvalues must be real, i.e., A = \*. Next consider the case of u # A,
Eq.( 1.5) reads

b
(A= u)/ dqy, yr =0, (1.7)

which says that the eigenfunctions that belong to different eigenvalues are
orthogonal. If on the other hand p = A, then we can set the magnitude of
the integral, arbitrarily, equal to unity:

b
[ dalus =1 (18)

What if there exists degeneracy, solutions with the same value of an eigen-
value? In this case, provided that the degenerate eigenfunctions are linearly
independent, and if they are not already orthogonal, we can orthonormal-
ize them, say via Gram-Schmidt orthonormalization procedure. In our case,
as you will see below, A < 0 is not an eigenvalue, A\ = 0 is an eigenvalue
and is non-degenerate, and A > 0 is a doubly-degenerate eigenvalue. Now let
us discuss the eigenvalues and eigenfuctions [2] for this system (DE and BC) :

1. Show that for A < 0 the solution

uA(q) = c1eY ™ 4 cpemV N (1.9)

satisfies the differential equation (1.1) , but not the periodic boundary
conditions (1.2) and (1.3), hence is discarded.

2. Show that for A = 0 the solution ,

yA(q) =C+C q (110)

satisfies the differential equation and the periodic boundary conditions
for ¢; an arbitrary constant and ¢y = 0.



3. Show that for A > 0 the solution |,

ya(q) = 01008\/X(] + CQSm\/Xq (1.11)

satisfies the differential equation and the periodic boundary conditions
but only for certain values of the parameter \: If we write the periodic
boundary conditions with the solution ( 1.11) , then for the homoge-
neous set of equations for the coefficients c¢;, co we obtain Mc = 0
where :

M= cosv/ a — cosv/\b sinv a — sinv/\b o cy
= )] =

—VA(sinvAa — sinv/Ab) vV A(cosv/Aa — cosv/\b &
(1.12)

For nonvanishing c the determinant of the matrix M has to be zero:

detM:4\/Xsm2{fA(b;“)} = 0. (1.13)

Equation 1.13 determine the eigenvalues A. Excluding the case of
A = 0 which was studied above seperately, we obtain,

2
\//\n:% wheren =1,2,...,00,and L=b—a . (1.14)

Thus A, = 0 is non-degenerate (only one eigenfunction belonging to
that eigenvalue) and all other eigenvalues, \,~¢, are doubly degener-
ate (two eigenfunctions (sinus and cosinus functions) belonging to that
eigenvalue).

We shall consider y,(q) as the qth

represent it as < qlyy > .

component of the vector |y, > and

We now represent the eigenvectors of the operator L(q) = —% by:
<q|l,> = ! (1.15)
q o \/Z .
2 2nmq
<qlC, > = —
q| 7 CO5— 7

2 2
<q|S, > = \/Zsm n[irq

Now define the scalar product (overlap) of two vectors |f > and |g > in the
interval a < g < b as follows



b
< flg >=/ f(@) g(q) dg =< g|f >" . (1.16)

where * denotes complex conjugation. Show that eigenvectors are an or-
thonormal set (take the overlap integrals explicitly)

<L, > =
< Cp|Cp > =
< SplSn > =
<1,|Sp > =
< 1,|C, > =
< SplCm > =
< Sp|Sm > =
< CplCh > =

(1.17)

S O O O = ==

3
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b) An arbitrary vector |f > (satisfying Dirichlet’s conditions to be listed
later ) can be expanded as:

If >=ao|lo >+ (a,|C > +b,] S, >) (1.18)

n=1

Show that the expansion coefficients are:

b
a, = <Lol|f >=/ dQ\/% f(q) (1.19)
1
= \/; area under f(q)

b 2 2
o = <o [T

b 2 . 2nmq
b, = <S,|f >—/a dq\/;sm 7 f(q)

Insert the coefficients a,, a, and b, in place: So Eq. (1.18) looks like this:

|f > = 1,|f > where the unit operator 1,, is given as, (1.20)
lop = [Lo><Lo| + Y (G0 >< Cul + S0 >< Sul)
n=1



(Note that < C,,|C,,, > is a number, but |C,, >< C,,| is an operator. An
operator acts on a vector and transforms it into another vector).
Show that

Lop-Lop = Lop (1.21)

And also note that:

b
<qlf >=<q|ly,|f >= / < qlopld >< {|f > dd (1.22)
Thus
<qllpld > = <ql¢d >=0(¢—4q') such that (1.23)
b
/ dq 6(¢—¢) = 1 where ¢ and ¢ are in the interval [a, ] .

We shall study the properties of the Dirac delta function §(¢ — ¢’) later.

With the overlap or scalar product of two vectors so defined we can rewrite
the Eqgs.( 1.5) and complete the survey of the formal properties of this system:

< yul(Lyn) >=< (Lyu)|yr > . (1.24)

where the matrix elements of the local operator L are given by:

<q|L=L(q) <4q|. (1.25)

Any matrix A satisfies the following relation (show this):

< P|Ap >=< ATY|p >, (1.26)

where AT is Hermitian conjugate of A, defined as (A');; = A%;. Hence under
periodic boundary conditions our differential operator L(q) is Hermitian. Or
we may just say £ = L', Let us write down once again our equations in this
format:

L = Lf (1.27)
d2
<d|Llg> = L(¢)5(¢d —q) = —dq,25(Q’ —q)

E\y,\ > = )\\y)\ > with A = \*

<Yulyn > = 6, eigenvectors are orthonormal
lop = Z lyn >< yx| eigenvectors are complete.
A



The possibility of expanding arbitrary vectors in terms of the eigenvectors
of the Hermitian operator £ results in a great number of important appli-
cations. If the function f(q) is periodic, the n = 1 terms in the expansion
Eq. (1.18) and higher order terms denote a fundamental property and over-
tones respectively. If the ¢ axis denotes distance, we rename it as x, if it
denotes time we rename it as ¢ . In the first case the period b —a = L is
the length of the fundamental wavelength \. Higher order terms (n > 1)
have wavelengths \,, = A/n . And we may define a wavenumber k,, = 27 /\,.
Thus < z|C,, > cosk,z. In the second case b—a = T is the fundamental pe-
riod (f = 1/T is the fundamental rotational frequency.). Higher order terms
(n > 1) have periods T,, = T'/n (or frequency f, = nf) . We may define an
angular frequency w, = 27 /T, = 2rfn = wyn. Thus < t|C,, > cosnw,t
so that the n th mode has n times the fundamental rotational frequency (or
angular frequency). Also note that one may use as variable § = 27x/L or
0 = 27t/T in radians , in this case [—m, +7| is usually taken as the boundary
positions of the periodic cell, because if there is symmetry in the problem it is
handled easier. Same with = boundaries [—%, +§] and ¢ boundaries [—%, —i—%]
Finally, for the sake of completeness let us list the Dirichlet’s conditions.
A periodic function f(q) of period L satisfying the following conditions has
a convergent Fourier series. These conditions are:

1. f(q) is absolutely integrable:

g+L
| @l <
q
2. f(q) has only finite number of maxima and minima in any range of
length L,
3. The number of discontinuities must be finite, in any range of length L.

If f(q) satisfies the Diriclet’s conditions its Fourier series converges. The sum
of the series is f(q) , except at any point ¢, at which f(g) is discontinuous.
At a point of discontinuity the function assumes the value:

[/ (g0 +0) + f(go — 0)] .

N —

flg) =

Now some practical problems:



1) Let the periodic cell’s boundaries be A = —L/2 and B = +L/2. A
rectangular pulse |f > of height H extends from x = —a/2 to x = +a/2
with a < L .

i)Expand it in Fourier series and compute the first two non-vanishing expan-
sion coefficients.

Answer:

H
<a:]f>za—<x\1o>+

VL

Hv2L . 7wa
T

sinp- < z|Cy >+ ... or,

aH 2H Ta 2y

<zx|f > A + 752’71?005? :
ii) the nth order term A, cos 2L
Answer: - ra
sin™re
A, =2H—L
nm
iii) Write the expansion for the square pulse (a = L/2).
Answer:
1 2 2 1 2 1 2
flz)=H {5 + - (cos% - 50033% + 50035% +.. )]

iv) Consider the result of part (ii). What is the general expression for A,,/A;?
Answer:

A, sinnmA

A, nsinm\
where A = 7 is a measure of the width of the pulse as compared to the width
of the periodic cell. The figures (1.1) and (1.2) plot this ratio as a function
of A for n = 13 and n = 12 respectively. Show that this ratio is symmetric
about A = 1/2 for n = n,qq and antisymmetric about A = 1/2 for n = neyen.

Repeat plotting these figures for n = 101 and n = 100. Try a few other
values as well. Thus the ratio in absoulte magnitude approaches unity for
A — 07, or 17, which can also be shown analytically in addition to the figures.
These limits mean that as the pulse width aprroaches zero, or approaches
the the width of the periodic cell. The ratio A,,/A; gets smaller for a ~ L/2.
The conclusion is that as the signal gets spiky, convergence becomes poor.
Alp Sipahigil rightly commented in class [3] that the limit of a very wide rect-
angular pulse train behaves in just the same way like a very sharp pulse train.

v) BE CAREFUL: Differentiate the Fourier series of the square pulse term
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by term. Does the resulting series converge or not?

Hint:

Show that a general term agnﬂ% < x|Co,41 > does not vanish as n ap-
proaches infinity, a necessary but not sufficient condition for the convergence
of infinite series !! However, you can integrate Fourier series term by term
and the resulting series converges even more rapidly!! Hence, be careful, in
general, when you differentiate a Fourier series, it may or may not converge,
you have to check the convergence!!

2) Use the fact that < f|f >=< f|1,,|f > and so:

< flf >=af+> (a2 +1})
n=1

which is known as the Parseval’s relation.

3) Replace the rectangular pulse of Problem 1 above with an isosceles-

triangular pulse.That is, let the boundaries of the periodic cell be —L/2
and +L/2. An isosceles-triangular pulse |f > of height H has a base extend-
ing from ¢ = —a/2 to ¢ = +a/2 with a < L .

Repeat the questions of the rectangular pulse train for this triangular pulse.
i) show that the Fourier coefficients (Eq.( 1.19) are,

Ha
a, = and,

2VL

2
2 (Ha sm”Te“ ra
an = E (7) ( nTeo ) where 6, = T

b, = 0.

(You need to consider the integrals only from ¢ = 0 to ¢ = a/2 when you
compute the expansion coefficients, why?)

ii) Compute the ratio for a,—101/a; for this triangular pulse numerically:
First take the pulse width 6, = 7 radians , (a = L),

Answer:

ai

Next take a narrow pulse width, 26, = 0.02 radians,(a = L/1007),
Answer:

10



(p=101
ai

~ 0.92 .

It is important again to compare the two numerical values. If the pulse width
is large, convergence is rapid and a few terms (say 10) would be enough for
the representation of the pulse. If the pulse width is very narrow, conver-
gence is very slow and one would have to consider a very large number of
terms.

1.2 Change of Basis

A new set of basis vectors can be constructed by taking linear combinations
of the old ones :

1Zo> = |1,> (1.28)
1
Ly > = —(|C, > +1|S, >) n=1.2,...
Zne > = (10> +ilS0 >)
1
Lo > = —(|Cy > —i|lS, >) n=12,...
| 75 (1Ca > =5, >)
< |Z > 1 2ming
q|Zn = —=e I,
! NG
1 _ 2ming
<qlZn-> = —=e L

3

Show that the completeness relation Eq. (1.20) now reads as:

Lop = |Zo >< Zo| + > (| Zns >< Zui| + | Zue >< Z_]). (1.29)

n=1

We can achieve economy of notation by relabelling the basis vectors:

| Zn > = |Zpy > (1.30)
Z_ > = |Z,- >

Show that the equation Eq. (1.29) can be written in a compact form:

+o0
lp= Y %0 >< Znl. (1.31)

n=—oo

11



In Eq. (1.31) if we change the index n to —n we can write the completeness
relation in the following form as well

+oo
lp= Y |Zn>< 2], (1.32)

n=—0o0

where we used the fact that in a summation, order of the terms summed does
not matter. Infact, we can still simplify our notation, let |Z, >= |n > and

|Z_, >=|—n > and the unity operator can be written as:
400 +o0
lop = Z In ><n| = Z | —n>< —nl. (1.33)
n=—00 n=—o00

Prove the orthonormality of this new set of basis vectors:

< nlm >= 6. (1.34)

We can expand a reasonable vector (satisfying Dirichlet’s conditions) in terms
of this new basis vectors, result is the complex Fourier series:

lf> = ch\n>
n
2mign

<qlllf >= @) = Y cn<qln>= ch%
, (1.35)

_ 27riq/n

e

VL

Note that if f(q) is a real function then, c_,, = ¢};. The complex Fourier series
is useful for formal mathematical manipulations because of the simplicity of
the exponential function, however, in order to compute the expansion coeffi-
cients numerically, real form is preferred generally.

b
where ¢, =<n|f > = /dq' () (1.36)

As a simple example of a complex representation of a signal, consider a time
signal which is a pure sinusoid, a wave with a fixed frequency (for simplicity
we now lump the % factor into the modulus of the complex constant ¢ ):

f(t) = ce™ + cre ™. (1.37)

12



Exercise: what is ¢ in the above equation if

i) f(t) = |Alcos(wt+ ). (1.38)
i) f(t) = |A|sin(wt+ ).

We can also represent a sinusoid as f(t) = Ref = Re{ce™'} .
Again. find ¢ in the above equation if

i) f(t) = |Alcos(wt+ ). (1.39)
i) f(t) = |A|sin(wt+ ¢).

13



Problem set: 1

1. Function f(x) is given as:

—k if —Tr<x<0;
ﬂ@:{ kif O<z<7 (1.40)

where f(x) = f(z + 27). Expand this function in Fourier series.
Ans.:

4k 1 1
f(z) = — (sinx + gsz’an + gsm5x +.. ) .

Write a script m-file to add two, three,. .. ten terms numerically, and show
the graph for 0 < x < 77 on a Matlab plot.
For k=1 and x = § obtain the interesting sum:

R O
str-mto=7-

2. Function f(x) is given as:

0 if —7<zx<-7;
fle)=q 1 if -F<a<i; (1.41)
0 if F<o<m,

where f(x) = f(z + 27). Expand this function in Fourier series.
Ans.:

1 2 1 1
f(z) = 5 + = (cosx - 50053:1: + 5005595 +.. ) :

Write a script m-file to add two, three,. .., ten terms numerically, and show

the graph for 0 < x < 77 on a Matlab plot.

3. Function f(z) is given as:

0 if 2<ax<-—1;
flz)=< k if -1<z<1; (1.42)
0 if I1<x<?2,

where f(x) = f(x 4+ 4). Expand this function in Fourier series.
Ans.:

f(x) k +2k T 1 37Tx+ 1 S57TZL‘+
= -4+ — — — —c0S—— + —cos—— + ... | .
v 2 T 6082 3608 2 5 2
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Write a script m-file to add two, three,. .. ten terms numerically, and show
the graph for 0 < x < 10 on a Matlab plot.

4. Square wave Function f(t) is given as:

1if 0<t<Z;
f(t)_{—l if T<t<T, (1.43)
where f(t) = f(t + T). a) Expand this function in Fourier series.
Ans.:

> _27T

4
ft) = n;{) 7msm(muot) L Wo =
Take T" = 225 sec. Write a script m-file to add nine harmonics, then again
upto 390 harmonic numerically, and show the graph for 0 < ¢ < 500 secs.
on a Matlab plot. Comment upon the Gibbs oscillations.
b) Compute the spectrum of a square wave, the magnitude of the |b,| coef-
ficients, upto harmonic number n = 50, and make a Matlab plot.

5. Sawtooth wave Function f(z) is given as:

f@)y={az+n if -r<z<m, (1.44)

where f(x) = f(x + 27). Expand this function in Fourier series.
Ans.:

1 1
flz)=m+2 (sz’nx — 552’7123: + gsian +.. ) :

Write a script m-file to add two, three,. .. ten terms numerically, and show
the graph for 0 < x < 77 on a Matlab plot.

6. Triangular wave Function f(t) is given as:

T T.

f(t) = (1.45)

—t+3 if T<t<T,
where f(t) = f(t+T).

a) Expand this function in Fourier series.

Ans.:

=~ 2T 2
ft)=— Z 55 C0s(nW,t) , W, = — .
n=1,3,5... n T

15



b) Take T' = 225 sec. Write a script m-file to add two, three,...,ten terms
numerically, and show the graph for 0 < ¢ < 500 secs. on a Matlab plot.

¢) Compute the spectrum of a triangular wave, the magnitude of the |a,| co-
efficients, upto harmonic number n = 50, and make a Matlab plot. Compare
your result with that of problem 4.c.

7. Periodic impulse Function f(t) is given as:

;

29 0<t<$;
0 if s<t<T—%;

fy=3 =2 if T—c<t<T s, (1.46)
0 if T4+s<t<T—5;

\ € 2

where f(t) = f(t + T'). Expand this function in Fourier series and take the
limit € — 0.

Ans.:

f(t) = % i cos(nwot), w, = 2% .

Discuss the n dependence of the |a,| coefficients and hence the spectrum of
a periodic impulse train.

1.3 Aliasing

Consider a sinusoid f (t) = ce™t with frequency f, = w,/2m. We sample it
at times t = nT, for n = 0,+£1,£2,... so that we have samples of the analog
(continuous) signal , f(n) = ce™*nT> . Now consider another sinusoid with
frequency f, + kf,, namely, §(t) = ce® Uotkf)t L heing an integer. If this
new and different signal is sampled again with the same sampling frequency,
we find §(n) = ce?FothfnTs Byt since f,T, = 1 and e>™*" = +1, we
observe that f(n) = §(n). They are identical | Two analog sinusoids of
different frequencies, after sampling, are indistinguishable.

We want to find the answer to the following two questions: What is the

minimum frequency contained in the signal after sampling? And what are

16



all the possible frequencies? Let the original frequency be f,, such that

fo:mfs+fr > (147)

where m is a positive integer or zero and 0 < f,. < f;. Show that

f(n) = ce?mitmfstfonTs — ¢ 2mian where = f,/f, . (1.48)
Let us multiply our signal f(n) as written in Eq.( 1.48) by (+1),

~

f(n) = ce®™m x (41) = cerian 2mifn — ¢ 2miatOn where £ = 0,41, £2, ...

(1.49)
Obviously, the minimum frequency ( written in units of f;) is either a or a—1,
whichever is smaller in absolute value ( also note that a physical frequency
has to be positive (see the exercises from Eq.( 1.37) to Eq.( 1.39)), and since
a < 1 we have two frequencies f, and fs — f,. to compare). So in the complex
representation, where negative frequencies are allowed, possible frequencies
are: ...,a—2,a—1,a,a+1,a+2,.... But in the real world we have positive
frequencies only, and we get two seperate families: a,a + 1,a + 2,... and
l—a,l—a+1,1—a+2,.... f0<a< % then fin = afs = f, . But if
% < a < 1 then f,;, = fs — fr. Thus, written out in detail,

o= f, (1.50)
B o= fi—fn (1.51)

and the possible frequencies are:

Fi,Fi+ fo, L +2f,, ... (1.52)
F27F2+fS7F2+2fS7‘”

And the minimum frequency resulting from sampling is:

fmin = Min [fr:fs_fr]' (153)

Eq.(1.53) explains the importance of the Nyquist frequency fn = fs/2, and
why it is also called the folding frequency. If f. defined in Eq.(1.47) is greater
than the Nyquist frequency (i.e., f, = fy + 9, 0 > 0), then we can write

fmin:fs_fr = 2fN_fr
Iy — (fr —fn)=Iv—0. (1'54)

17



Thus the lowest frequency is obtained as the reflection of f, about the folding
frequency fy, which is the Nyquist frequency defined as half the sampling
rate f;. Few simple exercises will illustrate the point. Find the lowest fre-
quency in the following sinusoids if they are sampled with frequency f, and
also write the frequency families based on F and F3 above,Eq.( 1.50):

i) f(t =nTy) = cos(2m f,nTy) = COS(QW%H) _ cos(%’rn),
Answer:

cos(%rn) = cos(27r£n),

7 3
—=14+2Z
4 +4
3
fr_Zfs
1
fs_fr_Zfs

Minlfy fo— = fo— f =,

Hence the original analog signal is aliased into the minimum frequency func-
tion as a result of uniform sampling . The two frequency families contained
in the sampled signal are:

1 5} 9
Zfs: Zfs: Zfs: anda

3 7 11
Zfs: Zfs: Zfsa e

Also note how the frequency folds over: the frequency f, = fy 4+ d, where
fn = fs/2 is the Nyquist frequency, and § = f,/4. The frequency folds down
and fmm = fN_62f5/4

ii) f(t =nTy) = cos(2m f,nTy) = cos(%n) where n =0, £1, +2,.. ..

Answer:

Since the sampling frequency is f; = 3f,, in this case our original function
with frequency f, has the minimum frequency. The frequency families are:

(fo, 4f0y Tfo, 10f,, ...) and (2f,, 5fo, 8fo, 11f,, ...) .

We see that if f, < % fs or, in other words if the sampling frequency is
higher then twice the frequency of the test signal f; > 2f, then the lowest
frequency function is the original signal. And all the alias frequencies are

18



higher. In other words since in this case Ty < %T, at least two samples are
taken in each cycle of the original signal.

iii) Find the lowest aliased frequency of f(t = nTy) = cos(2nw fonTy + ¢) =
cos(¥n+ %) .

iv) Suppose we have two sinusoids, one the signal at 100 Hz, and one a
disturbance at 200 Hz. We suspect (wrongly) that the highest frequency in
the data is 125 Hz and decide to sample the data at 250 Hz. What would be
the frequencies observed in the sampled data below 125 Hz? Which ones are
the aliasing frequencies? Has the 200 Hz. sinusoid been aliased (or folded
down) below 125 Hz.?

v) ANTIALIASING FILTER: Before making an analog to digital (ADC)
conversion, a signal is passed through an antialiasing filter. This analog fil-
ter attenuates the frequencies in the input signal above %, half the sampling
frequency. This filtered signal is then sampled. Explain why antialiasing
filter needs to be used, in light of the results of the previous question (iv).

1.4 Gibbs Phenomenon

Gibbs phenomenon is about the limitation of representing a function near its
discontinuity by series of eigenfunctions.
Consider the function:

<qlf >= H for 0 <
q ~ )l —H for —-%

Expand it in a complex Fourier series and show that expansion coefficients

o (1.55)

are:

2HL
Cp = . \/_5717 odd- (156)
1N

So if the Fourier series is terminated, the approximation to |f > is written
as |fN >,

n=Nodd

f 5% s >= Y Caln > (1.57)

n=—Noqd
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We try to compute the n-sum. Notice the following identity:

ein@ 1 0 .
, :_—+/ do'e™?, (1.58)
n mn 0
and note that:
n=Noyqq 1
> ~=0. (1.59)
n=—Noqd

We now try to compute < q|fn,,, >,

Nodd
2HVLY\ 1 o,
<dlfvu> = Y ( ' >_

i VL

n=—Noqq

(define @ = 22 measured in radians),

2H ( 1 i(,n)
™ i m

2H 1 o
- == (,_+/ dQ’em@), (1.60)
T =\ 0

where in the last step we employed Eq.(1.58). The first summation vanishes
due to Eq.(1.59) Now we interchange summation and the integral, and do
the summation under the integral,

2H [* I -, -, -
< q‘fNodd > = _/ deleszoddQ {1 + 6219 + 6419 4.+ 619 2Nodd}
™ Jo

o2H (7 sin(Nygq +1)¢
= = [ as :
T Jo sinf’

= fNodd(e) : (1'61)

What is the first maximum of fy_,,(#) ? Just differentiate with respect to 6,

d 2H Sin(Nodd + 1)0
— 0) = — ) 1.62
d@fNOdd( ) T sind (1.62)

The first maximum of fy(6) occurs at 6y:
T

Oy = —— . 1.63
M Noga + 1 (1.63)
The corresponding value for the ¢ variable is qpq, = L/2 e see that as

Nodd+1°
Noaq increases 0y approaches zero. In order to evalute the value of fn ()
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, we make a change of variable in Eq.(1.61), 8 = (Nygq + 1)¢’ and write the
integral as follows:

2H [Ou in(N, 1
fn(On) = 7/ d@'sm( oad + 1) (1.64)
0

sind’

2H [T sinf3 (NodﬁdTl))
= dﬁ . B
™ Jo B sm(i

Nogq—+1)

Now the integral has to be evaluated numerically. But as N,4q becomes very
large, the term in the curly brackets in Eq.(1.64) approaches unity, {...} — 1
so that we finally have for large N,qq4,

Sn () = %/Oﬂdﬁ (Sigﬁ) : (1.65)

We see that fx(0yr) is proportional to the sine integral Si(m) where in gen-
eral Si(z) is defined as:

Si(z) :/ dn (SZ:]”]) z complex.
0

Again this integral is to be evaluated numerically. Write a short program to
evaluate the integral in Eq.(1.65), and also do it using the Matlab. Result
is roughly , 25i(m) &~ 1.18 , which means that the series overshoots the true
value by about 18 per cent , but over a region of vanishingly small width of
order ,;, and after a few ripples settles down to the correct value of unity.
You can find the numerical result for the Sine integral in the reference [4] or
in the web-site [5]. Note that

2
vy —0) =~ H ;Sz’(w) ~ 1.18H

0.18
LISH —H = == [2H] =009 x [2H] (1.66)

where [2H| represents the amount of discontinuity Eq.(1.55). Here we had a
square pulse, with discontinuity 2H at 6 = 0. It can be shown, in general,
that if f(0) is smooth over the interval [—m, +7] and 6, is a point of discon-
tinuity, then the Fourier partial sums will exhibit the same behaviour as in
Eq.(1.66), with the approximate overshoot

0.09 x [f(0) — £(6,)] . (1.67)
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Chapter 2

Fourier Integral

2.1 Definition

Now, if the boundaries of the cell move to infinity: a — —oo and b — +oo,

meaning the interval length is stretched to infinity: L — oo, then the suc-

cessive k, = %T” values get infinitesimally close to each other. Then the

summation expressing f(q) as a complex Fourier series

2ming

<q’f>:f(q):Zn:<q’n><n‘f>:;cn%e L (2.1)

can be replaced by an integral. We do this step by step now. Consider an
interval of length An centered around the value n. The contribution of terms
in that An band to the sum in Eq.( 2.1), denoted by Af, is:

1 2ming
Af, = Z Ch—=¢€ L (2.2)
nin An \/Z
~ «a X (3, where ,
a = a representative value of ¢, % e in An
# = the number of n values in An

Since all integer values n are allowed (no n values are missing) the number
of n values in An is simply no —nqy = An. Thus § = An . As for the
a factor above, for small enough An and large enough L, a representative
value is simply ¢, —= e because for this group of neighboring n values
this factor has almost the same value. Thus a sum over the integers n can
be transformed into a sum over the bins An:
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1 2ming

flq) =~ Z Cn NG e An (2.3)

At this point it is convenient to define a new variable £ = =7*, because as L
gets increasingly larger the Ak bins get smaller. Thus we can write Eq.( 2.3)

as follows:

flq) ~ Z % (\/Eck> etk (2.4)

T
bins Ak

which in the limit as L — oo can be written as an integral

+o0 dk "
flg= [ 5 (VLa) e, (2.5)
and we name the factor /L ¢, as the Fourier transform of f (¢) and denote
it simply by f(k). Its explicit representation is:

F09=VEa=VI [ - = 1(0). (2.6)

Let us write this important formula again by making the obvious cancella-
tions. The Fourier transform of the function f(q) is :

+o00
F(k) = / dg e 1(q), (2.7)

oo

Before we continue further we should pause and ask the following questions:
We only let the interval L stretch to infinity,

1) What is the new form of the unity operator 1,, (compare Eq.( 1.20)and
Eq.( 1.33)) ?

2) What is the new form of the orthogonality relation between the base vec-
tors to take the place of Eq.( 1.34) ?

Let us start with the question (1). We write f(q) as (Convert the sum into
an integral as L. — oo in just the same way we did above):

+<>ok

d
%\k >< k]) lf>. (2.8)

— 00

<qlf >=> <qln><n|f >=<q| (/

Thus we must have:

o dk
lop = / %\k >< k. (2.9)

— 00
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As for the second form of 1,, we compute VL < n|f > and take the limit,
we find:

+o0
VL < n|f >=<k| (/ dglqg >< q\) If>. (2.10)
We must have then:
+oo
lop = / dqlg >< q. (2.11)

So we know now that < qlk >= e**? and < k|q >= e~ but what about the
scalar products (overlaps) < ¢|¢’ > and < k|k’ > 7 If we write the relation
Lop-1op = 1op first for the g-vectors, and then for the k- vectors we obtain the
following relation:

“+o0o
/ dq < q|ld ><¢| = <gq|,and (2.12)
+o0 dk’/
/ — < klK' >< K| = <Kk
oo 2T

If the relations Eq.( 2.12) are the bra forms (< | ), obtain the ket forms (| >

).

We can now conclude that:

<qld > = d(¢—q'),and (2.13)
<klK'> = 2ro(k—k),

where for example, the symbolic function §(q — ¢’) vanishes everywhere ex-
cept precisely at the point ¢ = ¢/, and its value there cannot be finite, since
it is integrated on a measure of zero and still we get a non-zero value for the
integral. Furthermore , we compare the right-hand-side and the left-hand-
side of Eq.( 2.12) and conclude that the integral of §(¢—¢’) with respect to ¢’
over any interval including ¢ is unity. We can get an integral representation
of this symbolic function:
toodk . ,
<qld >=0(q—q') =< q|lopld >= / —gtkla=d), (2.14)
oo 2m

Show that delta function is a symmetric function (Hint: change the integra-
tion variable k£ — —k and interpret the result.
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Exercise: Show that if one defines the vectors |k > with a different normal-

ization, such that
L
k>=14/—|n>, 2.15
k>=1/o In (215)

then the plane wave functions and orthogonality relations become

" eikq

< > =

q| o

<qld > = dqg—1¢)

<klK' > = o(k—Fk). (2.16)

It is only a matter of taste to choose the set (2.13) or (2.16).

Even though we found the integral representation of the delta function the
integral in Eq.( 2.14) is formally trivial but with the indeterminate result
that Si?rooiw. Obviously, this way does not work. What is the source of
the problem? It is because very high k values allowed in the integral cause
problem [6]. We should not allow k to take on infinitely large values. Thus
we need to insert a convergence factor which is unity for small k values and
vanishes for large k values. Let’s call this convergence factor K (ek) where € is
a small, positive, real parameter. We demand that for fixed €, as k — oo the
convergence factor should vanish, and for fixed k£ as € — 0% the convergence
factor should go to unity. With this factor inserted, we first take the integral,
(we write Q) = ¢ — ¢ for simplicity)

Yo gy
5(Q) = / e, (2.17)

and after that let ¢ — 07 . There are many possibilities for K(ek) . A few
are as follows:

K (ek) = ©( — |k|) where © is a unit step function,

K(ek) = e~* and

ek

K(Ek) _ sin?

&
2

As an example, let us take for the convergence factor K (ek) = e=“*| to su-
press the high & values in the integral, take the integral and then let e — 07.
Thus let us consider the integral I defined as
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“+o0o
I = lim dk K (ikq (2.18)

e—0t J_ o 21

The integral is again easy and we obtain the result :

I— lim 2

e—0t QWW (219)

Note that if @) # 0, then integral I vanishes after we take the limit. If,
however, () = 0 then as € approaches zero, the integral I — oo. So far fine.
Next we must take the integral over () and see what we get:

+oo0 +00
lim, %/_m dQﬁ = %thml(%) T 1. (2.20)
Hence:
1 2e
e_i)r(% e =0(Q). (2.21)
and:
+00
/ dQo(Q) =1 (2.22)

Thus we see that the symbolic function 6(Q) really is operational under an
integral sign. There are many possible realizations of the delta function de-
pending on the choice of the convergence factor K(ek) . All we require from

5(Q) is:

1. 0(Q) =0 for Q # 0.
2. 6(Q) — oo for Q = 0.
3. [12dQ §(Q) =1.

Exercise: show that the following function is a d-function (that is, it satis-
fies the three requirements stated above):

1 Q?
li —— 2.23
oo+ e P [ €2 ] ( )
As a result of these properties, delta function is a sampling function:
+o0o
| @@ =0, (2.24)
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It samples that value of f(Q)) for which the argument of §(Q) vanishes, which
in this case is Q = 0.
Let us first find the Fourier transforms of a few functions.
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Problem set: 2

1. A rectangular pulse | f >of height H extends from x = —a/2 to x = +a/2.
a) Find its Fourier transform f(k), this integral is easy.
Answer:

+oo - ak
SZ?"L7
<l<;|f>:/ dq<k‘|q><q|f>:aH< - )

© 2

b) Plot this function , as a function of its argument “—2’“ .

¢) We know of course what the Fourier transform of f(k) is, it is our f(q)
of course. But let us take the integrals explicitly, and these integrals involve
more work.

Answer:

a
<qlf >=HO(5 ~ la)),

where O(s) is the unit step function. But to arrive this result use( for A real):

+0c0 esz
/ Iy = i (B(4) ~ O(~A)

which can easily be shown using the techniques of contour integration.

2. Find the Fourier transform f(w) of the following signals. And also take
the inverse transforms to get back to the function you started with. Take
integrals explicitly.

fl(t) - eiWOt ’

falt) = sinw,t |

f3(t) = cosw,t

f5(t) = O(t) (hint: insert a convergence factor lim, o+ e~ into the inte-

gral. For the inverse transform best is to use a contour integration)

3. Show the following operational properties of the delta function: (Ap-
ply the functional fj;o dq...)
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§(aq) = £0(q) , ais real,

|al

If h(q) has simple zeros at {g,}, that is h(g,) = 0 but h'(g,) # 0, then
_ 3(g—gn)

JUCHED I e

Example, compute fj;o dqd(1 —q¢*) f(q)

q6(q) =0
f(@)d(q —a) = f(a)d(g —a)
fj;o dqf(q) [d%&(q)] = —f’(0) hint:integrate by parts

fabdq(S(q —0)d(q—d) =d(c—d), where a < (¢,d) <b .
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2.2 Convolution

a) Consider the vectors |f; > and |f >. The vector |F > is defined such
that F(q) = fi(q)f2(q). The question is to compute the Fourier transform
< k|F >. We proceed step by step:

+oo
CHF> = <k[l,|F >= / dq < kg >< q|F > (2.95)

oo

= /dqe‘i’“q < qlfi ><q|f2 >
_ / dge™ < qlLoplfs >< alloplfo >

4 dk dk
= /dqukq/—Q ! < qlk1 >< k| f1 > /—2 < ko >< ko|fo >
T 2

we now change the order of integration

dk dk
= / : /—2 < kilfi >< kal|fo > /dqe q(k1+ha—k)

the integral over ¢ is 27 times the delta function

dk dk
= / 1/—2 <l€1‘f1 >< k‘g’f2>2ﬂ'(5(l€1+l€2 lﬂ)

if we set ko = k — k1 we get

F(k) = / T Rl falk — o)

orif weset ki =k — ko
F) = [ Gn0= k) folks),

We now write this important result again:
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If F(q) = fi(q)fa(q) then, (2.26)

F(k) = / W) ol — ) (2.27)

= /%fl(k—k')ﬁ(k/)a

and say, F'(k) is the convolution of fi(k) and fy(k), (where the convolution
is defined by the integral in Eq.( 2.27) ) and denote this operation also, by a
special ”convolution symbol” o, that is,

F(k) = (fro f2) (k) = (fa0 f1) (k).

b) Now the other way around: Consider the vectors |f; > and |fy >. The
vector |F' > is defined such that F(k) = fi(k)fa(k). The question is to com-
pute the Fourier transform < ¢|F >. Proceed step by step as in Eq.( 2.25)
and obtain the result:

If F(k) = fi(k)f2(k) then, (2.28)
Fg) = / dq'f1(q') fo(qg — q') (2.29)

= / dq filg — ) f2(q)
and say, F'(q) is the convolution of fi(q) and f5(q).

We can represent the function fo(q — ¢’) in terms operators acting on f>(q’)
as follows. Let us define the translation operator 7, and the mirror imaging
operator MZ such that:

T. f(¢) = f(d —a)
MI f(q) = f(—4). (2.30)
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Obviously these operators have the following properties:

T.T, = Ty To="Tops

MI MI = 1,,.

It can be shown that (see the problem below)

T, ML T, =MT.

Thus we can now represent the function f(q — ¢') as

fla—q) =T, MT f(¢)=MIT T, f(q).

(2.31)

(2.32)

(2.33)

Thus the convolution shown in Eq.(2.29) involves the overlaps of f; and the
mirror-imaged and translated fo, (of course, the indices 1 and 2 can be in-

terchanged).

Problem: Consider a function f(q') consisting of two straight line segments
AB and BC where A = (—1,0), B = (0,H) and C = (2,0). Show that the
AB segment is y; = H(¢' + 1) and the BC segment is y = H(—% +1).

a)

e Where are the new ABC' after a mirror-image operation on f? (hint:
A — Apz = (1,0) ). Show that the segments Az By and ByzCuz

are given by

Y1, MT = yl(_q/) and Y2, MT = yg(—q’) .

e Where are the new ABC' after a translation operation by +3 units on

mirror-imaged f 7(hint: A — Az, pmz = (4,0) ). Show that

Y1, 5mz = Y1(—¢' +3) and yo vz = y2(—¢ +3).

Now we change the order of operations:

e Where are the new ABC' after a translation operator by +3 units acts

on f ?(hint: A — Az, = (2,0) ). Show that

Y11 = y1(q —3) and yo 7, = y2(q —3).
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o Where are the new ABC' after a mirror-image operation acts on trans-
lated f7 (hint: A — Apmzz = (—2,0) ). Show that

Yi,mrn = yi(—¢ —3) and yo pzz = y2(—¢' = 3).

b) Show that
T¢I ML=T 3 ML =MIT;.

and by replacing 43 by a general displacement a, obtain the relation 2.32.

c) Application:

Consider an analog time signal S(t) with Fourier transform S(w). (For this
example, ¢ — ¢t and k — w). This signal is observed from time ¢t = —%

tot = L. So the information we have is not that of S(t) but that of a

modified(windowed) signal Swindgowed(t) = S(t)Wg(t). Here the rectangular

A

window function Wr(t) and its Fourier transform Wg(w) are given by (see
problem 1):

Walt) — @(g—w) (2.34)
Wr(w) = TSif_T% (2.35)

2

Plot Wx(w). The Fourier transform of the observed signal is not S(w) but
Swindowed(w) and through convolution theorem is given by:

+oo dw’ - )
Stvindome(®) = / W G W — ) (2.36)

oo 2m
Note that the function WR(w —w'), as a function of ', is just the shape of
Wgr(w') mirror imaged and then translated (shifted) by w,
Wr(w —w') =T, MT Wg(w') (2.37)

by virtue of the Eq.(2.32). If we express the integrals in terms of the rota-
tional frequency:

+o0

SWindowed(f) = / (238)

B dF'S(f) {TsimT(f — /) }

TI(f =)
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Now if the true signal has only one frequency, S(f) = Adé(f — f,) then

sintT(f — fo) }

71—jﬁ(f - f 0) ’
which means we observe not a single frequency, but a distribution of frequen-
cies peaked around f, . Show that the half-width of the principle lobe of this
distribution is % and hence resolving power will increase if we increase T,

the time of observation of the signal. Hence we cannot resolve frequencies in
the band f, £ Af where Af = =.

SWindowed(f) =A {T (239)

If the true signal has more than one frequency, each will be smeared out
by the convolving window . And if the signal contains a distribution of fre-
quencies, each frequency band will be convolved by the window.

In short, the shorter the observation time, the less information we can get
out of the signal.

2.3 Sampling

a) We first consider the Fourier transform of periodic functions f(q) =
f(g+nL). Since the function is periodic it can be expanded in a Fourier series:

+oo inkoq
flq) = Z Cn (eﬁ) , where k, = 2% | (2.40)

We now compute the Fourier transform of f(q):

n=—oo

<klf> = /dq<k\q><q]f>

/ " Jrf einkoq
= dge™ "1 Cn (—
)

+o0
<kf> = %Qmm—nko). (2.41)

Note that because of the presence of the term ¢,, in the sum , the fourier trans-
form of a periodic function is , in general, not periodic : f(k) # f(k + nk,).
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A periodic function which has also a periodic transform, however, is the in-
finite impulse train I1(q):

+oo
I(q) = Z d(q —nL). (2.42)
Problem 1 i) Show that this is indeed a periodic function, that is, I1(q) =
ii) Expand the infinite impulse train in fourier series, since it is periodic:

+00 inkogq
I(q) = Z Cn (%) , where k, = 2& | (2.43)

and the coefficients ¢,, are computed for one periodic cell ¢, < q < g¢q, + L,

/Qo-‘rL efinkoq Jrf 1
Cp = dq ( ) 0(q—mL)=—. (2.44)
9o \/Z m=—00 \/E

The result (2.44) follows because if, say, (M — 1)L < q, < ML, then in the
interval [q,, g, + L] only one of the delta functions, in this case 6(q — ML)
contributes to the integral. Thus all the fourier coefficients ¢, = ﬁ are
independent of n. The infinite impulse train can thus also be represented as

n=—oo

+o0 +o0
1 ;27
I(q) = Z d(q—nlL) = T Z e’ T, (2.45)

The fourier transform can now easily be found from Eq.(2.41), we just need
to insert the value of ¢, from Eq.(2.44). Show that

—+00
IL(k) = ko Y 6(k—mnk,), where k, = 2 . (2.46)

iii) Hence the fourier transform of the infinite impulse train is also periodic,
I (k) = I (k + nk,).

iv) Rewrite the formulas of this section when (¢ — ¢, k - w, L — T, k, —
Wy = 2%) to familiarize yourself with the time-frequency expressions.

b) Sampling theorem Consider a continuous-time analog signal f,(¢). We

sample it at times t = nTy with the infinite impulse train Iz, (¢). The result
is the sampled analog signal f, s(t) :

fa,s(t) = fa(t) ‘[Ts (t) (247)
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The fourier transform of the sampled signal involves the convolution of the
fourier transforms of f,(¢) and I, (t), (see Eqgs.( 2.26) and ( 2.27)) :

dw’ , ,
fas(w) = gfa(w ) I, (w — ). (2.48)
Show that the result of the convolution integral is:
1 <&
fas(w) = T Z fo(w — nwy) where wy = QT—” (2.49)

Hence, f,s(w) is the periodically repeated and scaled (i.e., multiplied with
TL) replica of f,(w). Draw a figure of f,(w) and f, s(w).

Let us assume that our signal is band-limited, i.e., let w,,. be the high-
est angular frequency contained in the spectrum of our analog signal:

falw) = { 0 if |w| > wnas- (2.50)
In that case, show that if wy > 2w, adjacent replicas do not overlap, and if
ws < 2wWmaz adjacent replicas overlap. If wy > 2w, We can write the fourier
transform of the analog signal in terms of the sampled-analog signal as

fow) = fos(W) Ts O (Wnax — |w|) where wg > 2wWpas - (2.51)

It is now obvious how to recover the analog-continuous time signal f,(¢) from
its samples. Use a low-pass filter to eliminate the spectral components with
frequencies |w| > Wy, With a gain ( i.e., multiply with ) 75 . Also to make
sure that the analog signal has no frequency components higher than w,/2,
first use an antialiasing filter on the analog signal before the sampling oper-
ation as was discussed at the end of the section on aliasing 1.3.

We can now transform Eq.( 2.51) to the time domain. Since on the right-
hand-side we have a product of frequency functions, their fourier transform
involves the convolution of time functions, (see Eqgs.(2.28) and (2.29)):
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Winaz SIN Winaz(t — 1)
T Wha(t — 1) ’

L) = T, / dt’fa,s(t’>{

Winaz SIN Wiz (t — 1)
T Wiae(t —1)

- T / dt’ [fa(t’)fn(t/)]{

_ T / d [fa(t’) f 5t — nT,)

{wm(w SIN Wiz (t — 1) }

T Winaz (t — 1)

Wman <= SIN Winae (t — nT)
- - (nT, . 9.52
Ws n:zoo I (n ) Wmnaz (t - nTS) ( )

In the equation above the term in the curly brackets {...} is the fourier
transform of the box function in the frequency domain © (W, — |w|) -
Thus, an analog signal can be reconstructed exactly from its samples if the
sampling rate is at least twice the highest frequency component present in
the signal.

2.4 Uncertainty Products

There is an important aspect of Fourier transforms that we must go over
before proceeding further. It is related to the widths of the transform pairs.
Since we have a complete set of basis vectors, we can define operators in
this linear vector space by their actions on the basis vectors and their ma-
trix elements. Let us define the operator k,, such that vectors |k > are the
eigenvectors of this operator:

< k1|]€0p = kl < ]{?1| (253)

We can write the matrix elements of the operator k,, in k-space as follows:

< klykop’kg >=k < /ﬁ‘kg >=ky < ]ﬁ‘kg > (254)

where the last equality followed because < k;|ky > is a delta function. Since
in Eq.( 2.54) < ky| is an arbitrary vector , we conclude that

kop‘kg >= kQ’kQ > . (255)
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Since , by definition, the Hermitian conjugate of Eq.( 2.55) is

< k| (kop)T = k5 < ko| = ko < ko, (2.56)

where the last equality follows because the eigenvalue ks is real. We conclude
upon comparing with Eq.( 2.53)that the operator k,, is Hermitian

op = (op)'. (2.57)

What is the action of this operator on the ¢ space vectors ? Let us compute

dky .
< q1|k‘0p = < q1|10pkop = / 2—71_1€ZQ1]€1]€1 < ]{?1|

= —— <aq 2.58
S5 <0 (259)

In a similar way we define a ¢,, for which the g-basis vectors are the eigen-
vectors:

< QIIQOp =q < q1" (259)

Exercise: Show that the g,, is Hermitian,

Gop = (QOp>T' (260)

What is the action of this operator on the k space vectors 7 Let us compute

< k1|QOp = < kl“—oonp - /d%@_imkl(h < Q1|

The operators ¢,, and k., do not commute. Let |® > be an arbitrary vector
in this vector space,and let’s compute

< QI| (qukop - k‘()pqop) |CI) >

10 1 0
=-— < QP> —=—q <q|®>
1 0qq i Oq

1
=~ <aql®>, (2.62)
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Since < ¢;| and |® > are arbitrary vectors, we conclude from Eq.( 2.62) that
the commutator is given by:

[QOp ’ kop] = qopkop - koonp = Z.lop =1. (263)

Problem If (f|f) = 1 then |f(q)|* can be interpreted as a probability dis-
tribution in ¢q. Define the mean and the mean-square values as:

7 = (flaolf)

el
[l

(flkop| £)
¢ = (flelf)

B o= (fIk)f) (2.64)

The uncertainties Ag and Ak in ¢ and k , respectively, are defined as root-
1

1 1
mean square deviations Ag = [(Aq)Q] > and Ak = [(Ak)Q] *, where the mean
square deviations are:

(Ag) = -7

(Ak)?® = K2 -k (2.65)

Consider the vector |G) = (gf! + iMkll) |f > where ) is a real scalar, and

the fluctuation operators are:

Wy = Gop— 17, (2.66)
kL = kop—k.
Show that
2
(Ag)* = < fl(a))If >, (2.67)

(AK)? = < fI(K)|f> .
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Compute the norm (G|G) = N, :
(Hint: the operators go, and ko, are hermitian and (G| =< f| (¢f) — iAk{!)

P
);
Ny = (Aq)* + N (AR +iX < fl [aly, kL] 1S >, (2.68)
use Eq.( 2.63) and evaluate the commutator

= (AQ)®+ N\ (AK) — ).

Hence N, considered as a function of \ is a parabola. Show that its minimum
occurs at A, given by A\, = 3 (Ak)™2. Since the norm of a vector is positive
semidefinite, show that the condition Ny, > 0 leads to the statement of the
uncertainty relation:

Ag Ak > (2.69)

N | —

Express and interpret this important result in words.

If we are working in the (z, p) spaces (distance, wavenumber ) then:

Az Ap > % (2.70)

or if we are working in the ( f,w) spaces (time, frequency) then:

At Aw > % (2.71)

This says that we cannot arbitrarily reduce the widths of the fourier trans-
1

form pairs. Their product is above (or equal to) a fixed minimum (= 3).
For example a signal at a definite frequency (Aw = 0) must last infinitely
long in time. Or a a signal that is an impulse in time (At = 0) has all the
frequencies in its spectrum .

Likewise, a signal at a definite wavelength (Ap = 0) must have infinite ex-
tent. Or a signal that is an impulse in space (Axz = 0) has all the wavelengths

in its spectrum.
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Problem set: 3

1. State of minimum uncertainty Consider the g-space function

1
_ —q%/2
< gl >= —ge (2.72)

Show that
a) State is normalized to unity.

< WYolthy >= 1. (2.73)
b) Mean ¢ vanishes,
q =< ¢0|QOp|77Z)O >=0. (274)

¢) Mean square g-deviation is

(Ag)? = -7

? =< 77Z)o|qu|¢o > = 3 (275)

d) Fourier transform v,(k) is given by

< klp, >=V2rtie F/2 (2.76)
hint: use the result of HW2-Problem 4:
Foo . q2 k2<72
I= / dge ™ e 202 =\2r0e 2 . (2.77)

e) Mean k vanishes, B
k=< ,|kopl|tho >= 0. (2.78)

f) Mean square k-deviation is

(Ak? = K2 —k

_ 1
k2 =< |k | > = 3 (2.79)
Thus the state |1, > has the minimumu uncertainty product:
1
Aqg Ak = 3 (2.80)
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It can be shown, through a variational calculation that, the Gaussian form
is unique in having the minimum uncertainty product.

2. Algebraic properties of the Fourier Transform (FT) If f(¢) has
FT f(w), then show that:

F(t) F(w)
Translation F(t—1t) e~ to f(w)
Modulation eiwot f(t) Flw—w,)
Scaling f(t/s) s f(sw)
Complex conj. F5(t) f*(—w)
Real F&) = f(t) | f(—w) = f*(w)
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Chapter 3

Discrete Fourier Transform

3.1 NP roots of unity

We want to solve the equation

zZN —1=0, (3.1)

where complex roots are allowed. Since this is a polynomial it must have N
roots. If we denote +1 = *™ then roots are easily found:

zk:e’%ﬂk, where £k =0,1,...,N — 1. (3.2)

So, the roots are all distinct and given by 2y, 21, ...,2y_1. The root z; is
called the primitive root of unity because all other roots can be generated by
21, that is, 2F = 2, with 2V = 2.

In the following problem set you will review the properties of N th 1oots of
unity.

Problem set: 4

1. Below are simple exercises:
Exercise 1: Check that 2)Y = +1 for k=0,1,...,N — 1.

Exercise 2: Show the roots as vectors in the complex plane for N = 5 and
N =6.

Exercise 3: Show that the N roots are the vertices of a regular polygon
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of N sides inscribed in a circle of unit radius, with center at the origin, with
one vertex at the real number +1.

Exercise 4: Show that z; generates all the roots, 2§ = z;, with 2z’ = z,.

Exercise 5: Show that if z{ = 2z, is also a primitive root of unity, that is
we can relabel the roots such that zp — 21 ye and 2y e generates all the
other roots, then (¢, N') are relative primes (do not have a common divisor).
Consider the roots generated by zs, 23, 24 for N =5 and the roots generated
by 23, 23, 24, 25 for N = 6. For each case find the primitive roots of unity, and
relabel the roots accordingly.

Exercise 6: Show that the multiplicative inverse of zj is also one of the
roots and that (z;)™' = 2x_s.

Exercise 7: Show that the complex conjugate of a root is given by its in-
verse, (z;)* = z2_x = (zx) "' = zy_k . Note that by defining z_, as zy_z, we
are using modulo(/N) numbers to index the roots.

2. The N roots of unity satisfy the following sum rules:

N-1

m 0 form=1,2,....N—1,

Z(Zk) - { N form=0, N (3.3)

k=0 ’ '

We now want to prove this relation.

The polynomial Z¥ — 1 can be factored out in terms of the roots as:
ZN—]_: (Z—zo)(Z—zl)(Z—zN_l)

i) Divide by Z¥ and take the logarithm of both sides and arrange to obtain:

(1= gy ) = (1-2) 4 (1-2) 4o (1= 222),

ii) Now expand the In functions:

= u™ u? oud
In(1—u) —=—u—-——— = - o
mZ: m 2 3 ’
and compare the powers of = on both sides of the equation. Left hand
side starts with z_N SO on the right hand side the coefficients of —m with

=1,2,..., N — 1 must vanish. Hence obtain the result Eq.( 3.3).
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3.2 Basis vectors in CV

A vector space of N dimensions where the components of a vector are allowed
to be complex is denoted by C%V . One obvious set of orthonormal basis vec-

th

tors are |g, > where the n""' component is unity and others are zero. Clearly.

< Qn| Qm >= 5nm 5 (34)

where the index n runs from n = 0 ton = N—1. For later convenience, we im-
pose cyclical periodicity by demanding |qo >= |gn >. Thus |¢, >= |gnimn >
where m is any integer (zero, positive or negative) and period is obviously
N. We now construct a new set of basis vectors |k >, k=0,1,..., N — 1,
which are linear combinations of the |g, >s and where the coefficients are

powers of the NV th 1o0ts of unity,

1
k
21
| Nl 1 2%
k>=—=) g > = — : (3.5)
VN =~ VN
Z]]if—l

and the components of the conjugate vector < k| are given by the complex
conjugates :

1
< k:| = ﬁ{25*7 Zlf*, ey Z]]i;k_l s
1 _ _ _
= \/N{ZO k? 21 ku LR ZNk_l (36)

where we used the results of the Exercise 7 . Let us compute the overlap
< kz’k] >,

1 o
< kilk; > = N;#"Zﬁ{ < | Gm >

- A

=5 (3.7)

ij -
To get the last equality above we used the property of the roots given in
Eq.( 3.3). We may consider the transformation from |g, > basis to |k; >
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basis as affected by a matrix U :
< qnlU = < ky). (3.8)

And the matrix elements of U are then,

1
< @u|Ulgm >= —=zF~ (3.9)

\/Nm

Exercise 1: Show that the matrix elements of U' are:

1
< qo|UT| gy >= —=2k. (3.10)

VN

Exercise 2: Prove that the U matrix that affects the transormation between
|g > and |k > vectors is unitary: UUT = UTU = 1,,, .

Problem: Obviously Zg;ol |¢gn >< @n| = 1op. Use the definition of the
U matrix, Eq.( 3.8) and the fact that it is unitary , to prove that the vectors
|k; > fully span the vector space,

N-1 N-1
lop= Y 1 >< qul = Y [kj >< k. (3.11)
n=0 j=0

Consider an arbitrary vector | > in C¥ . We can expand this vector ei-
ther in the g-coordinate system or the k-coordinate system:

N-1
r> = lylr>= Z |qn >< gqulz >,

n=0
N-1

Loplz >= " [kj >< kjl > . (3.12)

J=0

46



If we write the coefficients explicitly,

<gnlr > = x(qn)
<yle> = x(k»:N_l{ie”“N”'%}x(q)
= WN v
<gur> = N_l{iei%}xm (3.13)
: >\~ ). .

Relations given in Eqgs.( 3.12 and 3.13) constitute the Discrete Fourier Trans-
form pairs.

3.3 DFT in time & frequency

Let us use the variables appropriate for this case: ¢ — t and k — w , and
consider a sinusoidal wave Z(t) = exp(iwt). It is sampled with frequency f,
at equally spaced times ¢ = (0, 1, ..., (N —1))T, where T, = f;'. Tt is
convenient to measure time in units of 7y and the frequency in units of f.
So let us define a dimensionless angular frequency w as w = 27 f /fs. Hence
the expression for our sinusoid becomes:

Z(nT,) = exp (iKQWfSnTS)
wS

= exp (iwn) . (3.14)

We now consider the basis sinusoids in CV. The basis sinusoids have special
values of the dimensionless angular frequency w: N th 1o0ts of unity:

21k
w = wk:%, where k=0, 1, ..., (N —1).
2
Zp(n) = 2F=eap (zﬁwnk) (3.15)

Thus we have obtained the (unnormalized) basis vectors of CV. Tt is appro-
priate now to relabel the basis vectors so as to make various relations clearer
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(time is measured in terms of T and frequency in terms of f;):

g > — |tn>=1|n>
|kj > — |w; > such that,
<nlm> = O
<wjlwg > = 6
< nlwp > = izk = Lz’fk = Leaz:p (ZQ—Wnk)
VN " VN VN N
N-1 N-1
loy, = Z In ><n| = Z lwe >< wy - (3.16)
n=0 k=0

We can easily extend indexing of these vectors to all integers by considering
modulo(N) numbers: n — n+mN and k — k+mN. As for the basis vectors
we can indicate this periodicity as |n >= [n+mN > and |wg >= |Wktmn >.
We now write the relations given in Egs.( 3.12 and 3.13) for the time and
frequency basis vectors.

Consider an arbitrary vector |z > in C%V . We can expand this vector either
in the time-coordinate system or the frequency-coordinate system:

N-1
o> = lple>=)|n><nlr>,
n=0
N-1
= lylr >= Z lwp >< wi|z > . (3.17)

k=0

If we write the coefficients explicitly,

<nlr> = z(n)
N1y
<wplr> = z(w) = {—e‘i”w’“} x(n),

n=0 \/N

<nlz> = Zé {\/Lﬁenw} (w). (3.18)

Relations given in Eqgs.( 3.17 and 3.18) constitute the Discrete Fourier Trans-
form pairs of a function in time and frequency domains. We further extend
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the definition of the signal in line with those of the basis vectors,

our signal periodic in NV,

z(n+mN) = z(n).

PROPERTIES OF DFT

e 1. If z(n) is periodic in N so is z(wg). Show that:
< warN’JZ' >=< wk\x > .

In particular z(wy) = z(wy)

e 2. Parseval’s relation: Show that,

<ale>=" o) = Y latwr)l? -

k
e 3. Even functions z(n). By definition:

Tepen(n) = z(—n) = (N —n) .

Prove that if z(n) is even, so is z(wy):

r(wy) = 2(—wg) = x(w_k) = x(Wn_k) -

and make

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

Thus evenness is an intrinsic property of |z > and is independent of the
coordinate frame used. As an example show explicitly that < n|r >=

cos(wn) is even and has an even DFT.
Show that the following signals are even:
N =4, 2 = {a,b,c, b}, and

N =5,z ={a,b,c,c,b}.

e 4. 0Odd functions z(n). By definition:

Toaa(n) = —x(—n) = —x(N —n) .

Prove that if z(n) is odd so is z(wg):

r(wg) = —x(—wy) = —z(w_g) = —x(wN_k) -
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Thus oddness is an intrinsic property of |r > and is independent
of the coordinate frame used. As an example show explicitly that
< n|x >= sin(wn) is odd and has an odd DFT. Show that z,4;(0) = 0.
Show that if N is even then xodd(Nege") =0.

Show that the following signals are odd:

N=4,2=1{0,a,0,—a}, and

N =5, 2={0,a,b,—b,—a}.

5. (Circular/Cyclical/Periodic) CONVOLUTION: We follow
exactly the same steps as in Section(2.2).

a) Consider the vectors |f; > and |fy >. The vector |F' > is defined
such that F(n) = fi(n)fs(n). The question is to compute the DFT
< wg|F >. We proceed step by step:
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N-1

<wp|F > = <wlleplF >= Z < wg|n >< n|F > (3.26)
n=0
N-1 efiwkn
— ; \/N < n]fl > n‘fg >
N-1 efiwkn
= 2 N < n|leplfi >< nllp|fo >
N-1 e—iwkn

I
(]

n=0 \/N

D <nfwr, ><wlfi > ) < nlwg, >< Wyl fo >
kl k2

we now change the order of summations

1 A .
B ZZ < Wk:1|f1 >< Wk:2|f2 > WZQW(WM-W@ k)

k1 ko n

the sum over n is N times the Kronecker delta

1
= ZZ < w;ﬁ’fl > wkg‘fg > WN(SMJF]@,]C
k1 ko

if we set ko = k — ky we get

Flwr) = \/% i fi(w) f2(Wi—ky)

on the other hand, if we set ky = k — ko we get

T 3 filra) ) (3.27)

We now write this important result again:
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= fi(n)f2(n) then,

i

fi(wj) fa(wr—y)

<.
Il
o

z
L

2= =l-

fi(wi—j) fa(wy)

.
o

(3.28)

(3.29)

and say, F'(wg) is the convolution of f;(wy) and fo(wy), (where the con-
volution is defined by the sums in Eq.( 3.29) ).

b) Now the other way around: Consider the vectors |f; > and |fy >.
The vector |F' > is defined such that F'(wy) = fi(wk)f2(wk). The ques-
tion is to compute the Fourier transform < n|F >. Proceed step by
step as in Eq.( 3.26) and obtain the result:

F(n)

= fi(wg)f2(wy) then,

1 N—-1
- \/—Nmzofl(m)ﬁ(n—m)
= LS fine myfum)
= \/Nmzo 1i\n—m)j2(m),

and say, F'(n) is the convolution of fi(n) and fa(n).

e 6. Real signal z(n). In this case the DF Transform is

<nlr> =

<nlr> =

Z < njwg > z(wg)
k

take the complex conjugate
<nlz>* , (since z(n) is real),
Z < njw_g > " (wg)

k
let the summation index k — —k

Z < njwg >z (—wg).
P
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Thus we obtain, if z(n) is real then,
w(wi) = 2" (—ws),
and we can compare the real and the imaginary parts of the above

equation

Tr(wk) = Tr(—w),
x;(wk) = —x;(—wk). (333)

where x g and x; denote the real and the imaginary parts of x(wy). Thus
the real part of the DFT of real x(n) is symmetric and the imaginary
part is antisymmetric functions. This makes their absolute magnitudes
equal and their phase angles opposite in sign:

[2(wi)] = z(wn-)l
Lr(wy) = —Zax(wn—k). (3.34)

Problem set: 5

Some properties of DFT:

1. If the sequence MZz is such that MZx(n) = x(—n), show that MZz(wy) =
x(w_g), that is, a mirror imaged time sequence has a mirror imaged DFT
frequency sequence.

2. If the sequence z* is such that z*(n) = [z(n)]*, show that z*(wy) =
([MZz](wg))", that is, DFT of a complex conjugate time-sequence, is com-
plex conjugate of the DFT of the original sequence mirror-imaged.

3. If the sequence MZzx* is such that MZz*(n) = (z(—n))*, show that
MZz*(wy) = (z(wy))", that is, DFT of a mirror-imaged complex-conjugate
time sequence, is simply the complex conjugate of the DFT of the original
sequence.

4. If the sequence x, is real, such that z,(n) = (z,(n))*, show that it follows

from 1, 2, 3 above that x,(wy) = @} (w_k) = z:(—wy), that is, the magnitude
of the DF'T of a real signal is the same for mirror image pair of terms

|0 (wi)| = |r(—wi)] - (3.35)
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When the time sequence is real, DF'T magnitude |z, (wy)| has mirror image
symmetry. This is important in practice. Because we may discard all nega-
tive frequency spectral components and regenerate them later if needed from
positive-frequency samples. Thus, the spectral plots of real signals are nor-
mally displayed only for positive frequencies over the range 0 Hz to f,/2 Hz.
On the other hand, the spectrum of a complex sequence must be shown from
—fs/2 to fs/2 (or from 0 to fs), since the positive and negative frequency
components of a complex signal are independent.

(We change the normalization for the DFT’s in problems 5 and 6 below.Let
x(n) denote an array with N elements in time domain. Then X (k) =DFT[z](k)
is given by

N-1
X(k) = Wkn ()
n=0
1 N-1
Hn) = 5 SR
k=0

5. Upsampling Consider an array in time domain: = = {a, b, ¢, d}.
a) Compute the DFT X (k) = 3, Whnz,, with W = e~ Show that

if X = DFT(z) then
X(0) = a+b+c+d
X(1) = a—ib—c+id
X©2) = a—b+c—d
X(3) = a+ib—c—id (3.37)

Note that if z = {a,b,c,d} is real, then X(l) = X*(S), as required by (3.34
and 3.35).

b) An array y is defined as y = {a,0,b,0,¢,0,d,0}. This is indicated by
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y = Uy(x), where the operator Us upsamples the signal = by two. Com-
pute the DFT of the upsampled signal y. That is Y = DFT(y). Show that
Y = (X X )

¢) Another array is z = {a,0,0,b6,0,0,¢,0,0,d,0,0} = M3(x2. Based on
your result of part (b), write down the result you guess for Z (ans: Z =
<X X ,f().

6. Downsampling Consider an array in time domain: z = {a,b,c,d}. An
array y is obtained from x as throwing away every second term: y = {a, c}.
This is indicated by y = Dy(x), where the operator Dy downsamples the
signal = by two. Compute the DET(y)= Y. Show that the DFTs are related
in the following manner: define the aliasing operator Ay,

~

-1

AL X(k) = ST Xk + e%). (3.38)

o~
Il

Write Y in terms of aliased X , (you will determine L, and N is the size of

(Answer: N =4, L =2,

Y1) = a—c= (X(1)+X(3)). (3.39)

3.4 Spectral Leakage

Consider a sample z(n) = ¢*“" where the (dimensionless) angular frequency
is not one of the DFT frequencies wy = 2%, The DFT of this signal is then

given by,
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N-1
<wglr > = <wgllyplr >= Z < wiln >< nlx >

N— 1( zwkn)

o N
_ o5 (@W—wr)(N-1) {sm?(w — wr) } (3.40)

where we summed the geometric series:

l1—a

l+a+a®+...+aV = ,a=elmwn), (3.41)

l—a
If | >= A|w, >, proportional to one of the basis sinusoids, then < wg|z >=
Adyge. Namely the entire strength of the signal is on one basis sinusoid. If how-
ever the (dimensionless) angular frequency is not one of the DFT frequencies
wy, then the strength is distributed over many basis sinusoids, as indicated by
Eq.( 3.40). This is called "spectral leakage”. Also note the ”smearing func-
tion” sinNz/sinz form appropriate for the finite N-dimensional case (rather
than the sinz/z form in the continuous case (see. Eq.( 2.39)). See numerical
Matlab examples on "spectral leakage”.
Hence, our efforts of determining the frequency content of our signal is frus-
trated due to the spectral leakage. If we increase N, and increase the sam-
pling frequency f,, keeping the observation time NT, = T, constant, still
this is not a remedy. Because the basis sinusoids |wy > are such that exactly
k periods fit in T,. Since the frequency of a basis sinusoid is fr = kfs/N it
follows that

T, = NT, = kTj, . (3.42)

But w does not have integer number of cycles in T,. Thus "glitch” is un-
avoidable as is shown in the MATLAB example ”Spectral Leakage”. This
effect can be reduced by using a suitable window W (n) which diminishes the
data smoothly to zero at both endpoints of the window. We will consider
window functions a bit later.
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3.5 Handling finite length signals

Since DFT transforms and circular convolutions involve handling of finite
length digital signals, we study the manipulations of such signals. Con-
sider a signal © = {x,,21,...,ox_1}. We associate fized positions m =
0,1,..., N—1, on acircle with the N roots of unity. Also, initially place the
components of the signal z,,, = z(m) at the positions of the roots z,, = 2"
Actions/transformations on the signal, will cause the occupants of the fixed
addresses m on the circle to be signal components different than z,,. A
general linear transformation will change the occupant of the address m :
x(m) — z(a + om), where a is a positive or negative integer and o is a sign
+. We are interested in two types of operations

e 1. Circular permutations A circular permutation is defined by:

Crx={x1,29,...,2N_1,T0} (3.43)

If we define z(.) to represent x(n) for any n, then Eq.(3.43) can also
be written as

Cx()==z(.+1). (3.44)

If (n) is represented on the circle in the direction of z,, a root of the
unity, then C x(m) = x(m + 1), or the signal moved one notch in the

clockwise direction on the circle. The occupant of the mth position
changes x,, — x,,+1. The inverse operation is:
C 'z = {aN_1,20,71,T2,...,Tn_2}. or equivalently,
Claz() = z(.—-1). (3.45)

So that C™! z(m) = x(m — 1), or the signal moved one notch in the

anticlockwise direction on the circle. The occupant of the mth position
changes x,, — Z,,—1. We can combine the relations (3.43 and 3.45).
Thus for A a positive or negative integer, we obtain

C* x(n) = z(n + \). (3.46)
e 2. Mirror imaging This operation is defined by:
MZIz={2,,TN-1,TN-2,...,T2,T1}. (3.47)

Note that MZ z(m) = x(—m). This means the signal components are
reflected about the horizontal diameter of the circle, and x,, — z_,, =
TN_m. Mirror imaging is its own inverse, MZ MZT = 1.
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These two operations do not commute, and we observe that:
CMIz=MIC'o={an_1,Tn 2,...,T2,T1,%,} (3.48)
Thus we obtain C MZ C = MZ. We can iterate this equation to obtain:
C* MIC*=MT. (3.49)

Note the similarity between the relation (2.32) for the continuous case and
the relation (3.49) for the digital case. Here the operation C™" in the digital
case corresponds to translation 7, in the continuous case. It is a good exer-
cise to follow the action of these operators in Eq.(3.49) on a signal z(n):

C*MIC*z(n) = C*MT z(n+\),
= Cz(-n+N\)
= z(—(n+ )+ ) =z(—n)

= MIT x(n). (3.50)
We now write the action of our operators on a signal of the general form

x(a 4+ on) where a is a positive or negative integer constant, n takes on the
values 0,1,..., N — 1 and ¢ = £1 represents the sign.

MIz(a+on) = x(a—on),
Crz(a+on) = z(a+o(n+N),

Craz(a+on) = z(at+o(n—2N). (3.51)

Problem set: 6

Let us now familiarize ourselves further with the shifted sequences used in
convolutions and correlations with specific examples:

Let z(m) be the ordered sequence z(m) = {1,2,3,4,5,0,0} where there are
N = 7 elements in the sequence and z(0) = 1,z(1) = 2,...,2(6) = 0 and
periodicity demands that z(m + N) = z(m). Draw a circle and divide the
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circumference by N = 7, and label inside , anticlockwise from 0 to 6 in the
directions of the 7th roots of unity, and put the x values on the outside next
to their respective positions.

1. Show that x(m — n), (for n fixed, say n = 2, and m = 0, 1, ..,6), means
the sequence is rotated by n = 2 notches in the counterclockwise direction.
The pictures are easy on the circle but care is needed to show them as a
linear sequence. For example:

z(m — 2) = {0012345}.

Find a, b such that C*MZ’x(m) = x(m — 2) where a = (1,...,N — 1) and
b=0or 1.

2. Show that for x(n — m) (for n fixed, say n = 2, and m = 0,1,..,6)
the sequence is:

(2 —m) = {3210054}.

Find a, b such that C*MZT’z(m) = (2 — m) where a = (1,...,N — 1) and
b=0or 1.

3. Show that for x(m + n) (for n fixed, say n = 2, and m = 0,1, ..,6)
the sequence is:

z(m +2) = {3450012}.

Find a, b such that C*MZ’x(m) = (2 + m) where a = (1,...,N — 1) and
b=0orl.

4. Finally write a MATLAB program that computes all the sequences
(2 —m),z(m — 2),2(2 + m) for the signal x(m) = {1,2,3,4,5,0,0}. Then
instead of 2 use an integer variable n for all seven possible values of n . Then
compute C*z and C~*z for any ), and MZz. You should also be able to
compute C* MZ CHx. Also write a C-code for the same purpose.

Consider now the circular convolution formulas given by Eq.(3.31):

F(n):\/iﬁ = m) faln — m)

—
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We see that fa(n —m) is the rotated and mirror-imaged signal fo(m):

fo(n—m) =C" MZ fo(m) = MZ C" fo(m) . (3.52)

Eq.(3.52) is the digital version of the continuous case formula Eq.(2.33) for
the form of one of the pair of functions used in convolutions.

3.6 Zero Padding

Suppose we have data (sampled and windowed signal) z(n) of length N, that
is the index n runs from zero to N — 1. If we add M — N zero samples to
the end of our data (M > N, this is called ”zero padding”. The zero padded
data is given by the sequence Z(n) :

v _Jx(n) forn=0,...,N—1,
x(”)_{o forn=N,...,M—1. (3.53)

Zero padding is needed in two places:

1. In order to increase the frequency resolution in spectral analysis.

AwN = % — AwM = % (354)
where Awy > Awyy.
This allows us to determine the frequency of an isolated spectral peak
to a desired accuracy Awj; by sufficient zero padding. However, to
resolve two close peaks , our resolution is still Awy . This is forced
on us by the fact that raw sampled data is being convolved with the
window function in the frequency space, and that we cannot resolve
the frequencies that fall under the main lobe of the window. So, zero
padding is essentially an interpolation. See the Matlab examples.

2. Zero padding is again needed in order to avoid the wrap-around and
overlap problems while using the circular convolution for the purpose
of linear convolution as we shall study in the next section. In this
case the two sequences of lengths N; and N, are zero padded to length
M = N; + Ny — 1. Again, see the Matlab examples.
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3.7 Computation of Linear Convolutions
using DFT-Circular Convolutions

Since DFT is a practical way of computing transforms, we should make use
of it in the computation of linear convolutions which are needed in various
applications. We learned to visualize shifted sequences in the exercises of
Section 3.5 . We now want to compute the linear convolution of two signals:
signal x; of length V; and signal x5 of length Ny;. We want to compute:

C(k)= > x(m)za(k —m) (3.55)
Assume x; is fixed along the line, starting from origin and extending (and
including) the site N; — 1. And consider the second signal approaching from
the right and moving to the left in flipped form xo(k —m) :

C™F MT xy(m) = MI C* 25(m) = zo(k —m). (3.56)

And we take snapshots (see Figure). Let k be a large integer, and denote
the site occupied by the far end of the flipped form of the signal x5. The
near end of the flipped signal x5 occupies the site k — Ny + 1. If the near
end of the flipped second signal is not overlapping with the far end of the
first signal then C'(k) = 0. The overlap of two signals is first possible when
k— Ny + 1= N; —1. Also as the flipped second signal moves left, &k = 0
is the last position when there is a non-vanishing contribution to the convo-
lution. And when k£ = —1, —2 etc. there is no overlap anymore. Hence we
conclude that the maximum and the minimum £ values that contribute to
the convolution are:

kmax = N1+N2_2
0. (3.57)

kmin

Thus the linear convolution is of length Ny + Ny — 1. Therfore in order to
compute the convolution of z; and x5, we must first zero pad them to length
N; + Ny — 1. Only then the circular convolution can be used reliably, and
the problems of wrap around and overlap are avoided.
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Exercise: For x = [12345] and y = [2222333] compute the linear convolution
C', and write a Matlab program for it. (You can of course compute the convo-
lution directly by using the built-in function ”conv”in Matlab, which should
provide a check on your result.) Clearly both signals first have to be zero-
padded to length N;+ Ny —1 and only after then one should compute the lin-
ear convolution by employing circular convolution, in order to avoid the wrap
around and overlap problem, (see the Matlab exercise "¢ =convolve(z,y)”).
It is also obvious that linear convolution does not suffer from the ”wrap
around and overlap” problems of the circular convolution.
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Problem set: 7

This problem set is based on the work of Julian Schwinger: [7]

1. In the case of continuous Fourier transforms (FT), we have seen that
the Hermitian k,, generates infinitesimal translations of the {< ¢|} states.
For the discrete case, of course such an operator cannot be constructed. Try
a K,p that does the following:

<q]'"COp =< qu] 7 :0,...,N—1. (358)
a) Argue that IC,, must be a unitary operator.

b) Use the periodic indexing of the {< ¢;|} states to prove that IC,, sat-
isfies the algebraic equation:

KL —10p=0. (3.59)

c) Argue that the eigenvalues {K;} of the K,, are the N th yoots of unity,
KK, = ea:p( 2—“) with £ = 0,1,..., N — 1 and show them as vectors in the
complex plane.

d) Use the algebraic relation ¢ —1 = (a — 1)(1 + a + a* + ... + a™71)
for the operator relation Eq.(3.59), with /C,, replaced by K,,/K’, where K’
is an eigenvalue, to obtain

N-1

(Kop — K) % > (’%ﬁ”)j =0. (3.60)

J=0

We now define operator valued Kronecker delta :

51y (Kop: K) —%VZ( ) (3.61)

The merit of this operator is that d,,(/Cop, K') — 1, as Kop — K'1,).

e) Show that the operator d,,(KC,p, K') is Hermitian.

f) Construct the < K'| states as:
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1Nl
Nt

Show that this state is an eigenvector of the K,

< K)| = Tl <l 0=0,...,N—1. (3.62)

<.

< K)Kop =K} < K| =% < K. (3.63)
Show that if Eq(3.63) is true, then the following equation also holds true,

KoplK! >= KK > | (3.64)

hence the states [’ > and their hermitian conjugates are the right and left
eigenvectors of the operator /IC,, with the (complex) eigenvalue X'

Thus the < K'| states are the eigenvectors of a unitary operator stepping up
through {< ¢;|} states.

g) Show that the {< K'|} states are orthonormal

< K|K" >=5(K',K"), (3.65)

and the unity operator of the vector space can be written in terms of them
also:

2

1op = |/cg >< K. (3.66)

0

o~
Il

h) Show that

< K0y (Koo, K) = 8(K',K") < K] . (3.67)

Hence show that the Kronecker delta operator has the attributes of a pro-
jection operator:

Sop(Koaps K'Y 0p(Kops K") = S(K, ) Sop(Kops ') - (3.68)

Thus the Kronecker delta operator can be written as an outer product:

Sop(Kops K') = |K! >< K] . (3.69)

2. In a similar way, we introduce the operator Q that steps up through the
|K' > states:
QulKy >= Ky >, €=0,...,N—1, (3.70)
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where we chose it to step through the "kets”, (compare with Eq.(??)), rather
than the "bras”, guided by the forms of < ¢|k,, and g,,|k > in the continuous
case.

a) Argue that Q,, must be a unitary operator.

b) Show that the states {|K}, >} are periodic indexed modulo N and prove
that Q,, satisfies the algebraic equation:

c) Argue that the eigenvalues {Q’} of the Q,, are the N th yoots of unity,
and write them down explicitly.

d) Use the algebraic relation ¢ —1 = (a — 1)(1 + a + a* + ... + a™7!)
for the operator relation Eq.(3.71), with Q,, replaced by Q,,/Q’, where Q’
is an eigenvalue, to obtain

= o\’
/ op _
(Qop - Q ) N ];O ( Ql ) — 0 . (372)
We now define operator valued Kronecker delta :
N-1
1 Q,
Op(Q0p7 - N g ( p) 5 (373)

The merit of this operator is that do,(Qop, Q') — 1op as Qpp — Q1.
e) Show that the operator d,,(Q,y, Q') is Hermitian.

f) Construct the |Q" > states as:

N-1
]_ - 27 .
Q. >=——> e WK, > ¢=0,...,N—1. 3.74
% >= 5 2K (3.74)
Show that this state is an eigenvector of the Q,,

0,0, >= Q}|Q, >=F|Q, > . (3.75)
Show that if Eq(3.75) is true, then the following equation also holds true,

<019, =9 <Q|, (3.76)
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hence the states |Q > and their hermitian conjugates are the right and left
eigenvectors of the operator Q,, with the (complex) eigenvalue Q'.

Thus the |Q' > states are the eigenvectors of a unitary operator stepping up
through {|K} >} states.

g) Show that the {|Q' >} states are orthonormal

< Q|0 >=6(Q,Q"), (3.77)

and the unity operator of the vector space can be written in terms of them
also:

\gh

Q) >< Q). (3.78)

1o =

J

I
o

h) Show that

5op(Qops @)|Q" >=6(Q, Q") Q > . (3.79)

Hence show that the Kronecker delta operator has the attributes of a pro-
jection operator:

50}7(@0?7 Q/) 50p(Q0p7 Ql/) = 5(9/7 Ql/) 50p(Q0p7 Ql) (3'80)

Thus the Kronecker delta operator can be written as an outer product:

Oop(Qop, @) = Q' >< Q] . (3.81)

3. Insert the expression for |, > given in Eq.(3.62), into the expression

for |Q) > given by Eq.(3.74), use the sum rule for the N th poots of unity,
and obtain:

Q) >=lq; > . (3.82)

We now summarize the key equations:
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<q]'"COp = <q]'+1’, 7=0,...,N—1.

3
2
I
—
S

Kl > = KK >

N-1
1 - 27
<K = —Ze*’Wﬂ<qj\, ¢=0,...,N—1.
VN
Qs> = |Kjy>, £=0,...,.N—1,
Q= 1,
Qop‘Qj> = Q;’% >,

hence we can relabel the state |¢; > as |Q] >

(however note that, Q’ # ¢; but is one of
the N*B roots of unity)

lg; > = Q>

N-1
1 - 27
Q> = \/—NE e ININIK, > £=0,...,N—1. (3.83)
=0

We see that the bases {|Q) >} and {|K; >} are just the DFT (Discrete
Fourier Transform) bases.

a) Show that the overlap is:

]_ S 27
< Qj|K, >= \/—Nelwf. (3.84)

b) Compare the two operations

o Q,, KK, >, and
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o Kop QoplKCi >

Show that the comparison allows us to write the operator relation:

Kop Qop = €% Qo Kop - (3.85)

This is interesting! The operators Q,, and K,, do not commute. Only in
the limit N — oo that they commute (classical limit). In the other extreme,
N = 2 these operators anticommute, K., Q. = —Qop K,

c) We can easily extend the computation in part 2C-b above. Compare
the two operations

o Q0 Ki|K) >, and
o Koy 9ol >
Show that the comparison allows us to write the operator relation:

m n iZmn An m
KnQn = dxmmQr K. (3.86)

d) Consider an arbitrary operator F,, in C. Show that it can be written as

Fop = lopFply =Y |K,>F4 <K,
a,b

where F,, = <K,|F,,|KK, > . (3.87)

Show that the operator |K] >< K}| in the sum can be written as:

N-1 ~a-b
/ / a— / 1 Q IC]
"Ca >< ’Cb‘ = Qop b(SOP(ICOIW Kb) = N Z IC;)] ) (388)
=0

where we used the relation (3.69). Now insert this into Eq.(3.87) and show
that the operator Fy, can be written in terms of Q,, and KC,):

= f(Qop, K Z Frn QI K2 (3.89)

e) Consider the trace of an operator F,, expressed as in (3.89),
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Tr(Fp) =Tr{f(Qo. Kop)} = Y < Q|F,|Q >
Ql
= ) < Q|F,l,|Q >
Q/

= Z < Q|F,|K' >< K'|Q' >
QIIC/

= > <D fun UKo IK ><KQ >

Q/ ’C/

= 3 fn QK < QK >< K'|Q >

Q'K m,n

= DD fu QK <KIQ > |

Q'K m,n

1 m m
= 22 fm K

Q'K m,n
1 / !/
::NZﬂQK% (3.90)
Q/ ’Cl

where we used the overlap relation Eq.(3.84). Now compute the trace of the
operator

TT(QZ; ICZp) = N5m,0 571,0 ) (391)

to obtain the result on the right hand side make use of the sum rule obeyed
by the N th 1o0ts of unity:.

Make use of the relation (3.91), and show that the orthonormality statement
of the N? operators regarded as vectors in the operator space is,

FTr{(@nin)! (k)b = bt (3:92

Thus Q,, and IC,, are the generators of the complete orthonormal operator
basis, the N? operators given below

or Ky
2 *  mn=0,...,N—1. (3.93)
VN
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To show the completeness of the basis operator set, consider

7 ]' m n m n
r= N Z(QOP ICOP)TXOP(Qop ’Cop) : (394)
You will show that
Z Qm ]C” TXOP(QZ; Icgp) = 10pTT(Xop) . (395)

In order to obtain the result above, consider the matrix element < K/ |Z|C} >
I will indicate the steps and you will fill in the intermediate steps:

< K|k > = %ZK;" < K| Q0" X oy Qb |, > K7
do the sum over n (use the sum rule obeyed by roots of unity)
insert 1,, twice
= Ow YD <KLQL >< Q1|Q X0, Q| Qy >< QUK >
= b)) <KG|Q> QUM < QX[ Q> QFF < QUK >
do the sum over m (use the sum rule obeyed by roots of unity)

= N[ <KLQL > [ < QX2 >
observe that the overlap < K| Q. > is given in Eq.(3.84)
= 5abTT(XOp)
<KLz, > = < KL |1,|K > Tr(X,,).
(3.96)

Since Eq.(3.96) holds for arbitarary matrix elements, we can write it as given
above by Eq.(3.95). It is a very good exercise to redo the computation start-
ing from the matrix element < Q! |z|Q; >. Do it!
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4. The unitary operator W is defined by

<QW=<K/|, j=0,.. N—1. (3.97)
a) Show, using the definition above, that

<KW =< Q' ;| =< Qx| - (3.98)

b) Start from the defining equation of Q,,, : < K,|Q,7 =< K/, ,|. Act by
W on these bras. Use Eq.(3.98), to obtain
< K,|Q W =< K,|WK,] . (3.99)

Thus conclude that
WQ,,W =K, . (3.100)

c) Start from the defining equation of ICyp, : < Q,|KJ, =< Q. ;|. Act by W
on these bras. Use Eq.(3.97), to obtain

< QKL W =< QL [WQ, 7. (3.101)

Thus conclude that
WKW =0, . (3.102)

d) Finally note that relations (3.100,3.102,3.85,3.86) are all invariant onder
the interchange: Q,, — K,, and K,, — Q;pl )
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3.8 Spectral analysis & Periodogram

A simple approach first:

The purpose of spectral analysis is to study the distribution of power con-
tained in the signal over the frequencies. An audio signal, in addition to
deterministic components (known sine waves for example) may in general
contain random (noise) components as well. One of the techniques used in
this case is the method of periodogram.

But first let us consider resolution, our ability to resolve two neighboring
frequencies: Clearly, the difference between the two frequencies Af = f1 — f>
must be greater than the width of the mainlobe of the leaked spectra for
either one of these sinusoids. Let us estimate the width of the mainlobe:
The continuous signal is sampled in time at every time interval of length
T, for a duration of T, . Hence the sample contains N = T, /T, elements.
Or, the duration of observing the signal is T, = NT,. The time frequency
uncertainty product gives AtAf > 1. Here we identify At with T,. Thus we
obtain,

1 1 fs
Af>f)_NTS_N'

(3.103)

Meaning that we cannot resolve frequencies whose difference is less than fﬁ
Hence we express this estimate as:

[s

fi—rf> N
Example: Suppose the sampling rate is f; = 1000H z. If we want to be able
to resolve a frequency difference of say, 10 Hz, then N > 1000/10 = 100,
in words: our sampled signal must have a length greater than 100 samples,
sampling rate being kept the same. In other words, we must observe this
signal for more than 0.1 sec in order to be able to resolve a 10 Hz. difference.

(3.104)

Periodogram Let z(n) denote a sampled and windowed signal of length N
where x(n) = x,(n)W(n) with z,(n) and W(n) denoting the sampled ana-
log signal and the window function respectively. The discrete -time Fourier
transform is :

< wlz >= NZ_I (ﬁ) a(n)W (n). (3.105)

n=0

The power density spectrum is then,
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I(w) o« |<wlz>|
1

= D ) W) (m)W (m)e™ " (3.106)

Notice that the difference kK = m — n in the exponent goes from —(N — 1) to
N — 1. Hence the following sum, for fixed values of n and m, equals unity:

N

Z_l d(k,m—n) =1. (3.107)
(

k=—(N—1)

Now multiply the right-hand side of Eq.( 3.106) with unity as written above,
and change the order of summations, doing the m sum first. The result is:

N-1
Iw)oc Y e ™C(k), (3.108)
k=—(N—-1)
where C(k) is an aperiodic autocorrelation function with 2N — 1 elements:
N-1
C(k) = zo(n) W (n)xz,(n + k)W (n + k). (3.109)
n=0

Thus, a periodogram is basically the Fourier transform of the autocorrelation
function. It is clear that the periodogram is to be evaluated at the DFT
frequencies w; = 27j /L, where L is the dimension of the FFT space (size of
the Fast Fourier Transform). If L is larger than the sampled and windowed
signal size N, then the signal has to be zero-padded.
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